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A(d(Au(k =1))) + Ap(k)f(u(k)) =0,
Abstract: The discrete ¢ -Laplacian boundary problem ke {1,2,--,T},

u(0) =u(T+1) =0
is studied, where T > 5 is a given positive integer, A is a nonnegative parameter and ¢ is an odd and in-
creasing homeomorphism from R onto R. Applying the fixed point theorem in cones, it is proved under
the weakened condition liminf % e (0, ] that the problem has at least one positive solution for A

u—® u

belonging to an explicit open interval.
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Fora,b € Zwitha <b,let[a,b], = {a,a+1, {L[u](k—l) +Ap(k)f(u(k)) =0,k e [1,T],,
a+2,,b-1,b}. Let¢p:R— Rbe an odd and in- w(0) =u(T+1) =0
creasing homeomorphism. Foru:[a,b], — R, we de- (1)
fine here T'> 5 i . tive int A

where is a given positive integer, A is a nonnega-

Llul(): = Ald(Au())) B i i

where A denotes forward difference operator, i. e. , tive parameter and p(k) > Oon [1,T],.
Au(k) =u(k+1) —u(k) ke [a,b-1], We con- Recently, the positive solutions of ¢ -Laplacian
sider the positive solutions of the following discrete ¢ -

Laplacian boundary value problem boundary value problems (i. e., generalized p-Lapla-
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cian boundary value problems) have been widely stud-
ied. For differential ¢ -Laplacian problems, we refer
reader to [ 1 —8 ] for some references. For the discrete
case, there are less study results than continuous case
=197 We also refer to Cabada'""’ and Cabada and Es-
pinar 2! for the results of upper and lower solutions
method, and Bondar'"™' for the existence and unique-
ness results by the fixed point theory of contraction
mapping. In [9 - 10], the existence and multiplicity
of positive solutions of discrete ¢ -Laplacian boundary
value problems were studied and f was assumed to be
nonnegative. In this paper, we consider the semiposi-
e. the case f(0) < 0 ). Our interest is

the explicit open intervals of A such that (1) has at

tone case (1.

least one positive solution.

Semipositone problems arise in many different are-
as of applied mathematics and physics, see e. g. [14
—-16]. The study methods,

method, more is the bifurcation theory, shooting meth-

in addition to fixed point

od and time mapping analysis method. See [ 16 — 19 ]
and the references therein. For the results of applying

2, 19 —27] for some
The study of this paper is motivated by

fixed point method, we refer [
references.

ai, Schmitt and Shivajim , in which the existence of
positive solutions of differential ¢ -problems was stud-
ied by fixed point method with f satisfying ¢ -superlin-
Su) _

ear condition (i.
u—%© d)( )

(C1) ¢ is concave on R* | and for each§ > 0,
there exists A; > 0 such that ™' (8u) = A;p~"' (u), u

e R" and lim, ,,A; = o .

= o ) and ¢ satisfying

In our discussions to problem (1), the concavity

of ¢~ is reserved and the following condition is nee-
ded.
(C2) There exist increasing homeomorphisms s,
¢@:(0,0) — (0,0 ), such that for ally > 1,
dpr) = d(uy)
V) <) - e(y)
Vx,y e Rix # vy
Note that condition (C2) implies
p(u)d(x) < dpx) < e(p)d(x)
forallx > O0andy > 1 (2)
which was used in [3, 7] forallx >0,u >0. By u-
sing the inequality (2),

< o(u),

the ¢ -superlinear condition
imposed on fin [2] can be weakened by a more gener-
al condition (see (A2) below). Now, we state our as-
sumptions as follows.

(A1) f:R—Ris continuous and there exists M >
0 such that f(u) = - M holds for allu =0 ;

(A2) liminf, . f(”)) - e (0,0];

(A3) ¢ ' is concave on R*

The following fixed point theorem in cones will be
used to prove our main results.

Lemma 1'®"  Let £ be a Banach space and let K
be a cone in E such that || .|| is monotone with respect
to the cone K. Let F'; K — K be a completely continu-
ous operator. Assume there exist positive constants r,
R,andp € K, € KwithO <r <R,|p|<r,|Bll>
R such that

(i) For each0 < 6 < 1,
u = 0Fu + (1 - 0)p satisfy ||u||#r.

(ii) For each0 < 0 < 1,
u = Fu + 0B satisty ||u]|# R .

Then F has at least one fixed point u € K with r <
lull< R

all solutions © € K of

all solutions u € K of

Throughout this paper, we take E = {u:[0,T +
1],— R/ equipped with norm ||y = . rr[lla)T(] lu(k) | -
Denote
B: - ker%llll; Zp(k)
and
p: = kemflgbp(k)

We note that a function u of integer variable is said to
be concave if A’u(k - 1)
saying that the first difference Au(k — 1) is non — in-
creasing. If A’u(k—1) <0, then uis said to be strict-

L

ly concave. For a sum z u(t), ifs > t, then we say

; u(t) =0.

1 Preliminaries

< 0. This is the same as

Lemma?2 leta,b € Zwitha < b. Assume q:
la-1,b+1],—>Randh:[a,b],— (0,0). Ifu
and v satisfy
Llu-q](k-1) -Llv-q](k-1) +h(k) =0,

ke la,b],,
(u-v)(a-1) =(u-v)(b+1) =0
(3)
thenu >vonla,b],.

Proof Suppose that the conclusion is not true,
e [a,b],such that (u -v) (k™)
= min (u-v)(k) <0. Summing both sides of the

kela,bly

then there exists &~

equation in (3) fromsto k™ , we have
d’(A(u—l])(S—l)) -p(A(v-¢q)(s-1)) =
Zh(k) +¢[A(u-q) (k") ] -

dLA(w-q) (k") ] >0

fors € [a,k” ], since A(u —v) (k™) = 0. Thus,
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A(u-v)(s=1) >0,s € [a,k”],. Tt follows by
summing from a to k* that (u —v) (k™) >0, a contra-
diction.
Lemma 3 If w satisfies
Llul(k-1) + AMp(k) =0,k e [1,T],,
{ u(0) =u(T+1) =0
(4)
Then w > 0 on [1,T], and |[Aw(k-1)] <
¢ (AMTp) on [1,T +17,.
Proof By Lemma 2, we knoww >O0on [1,T],
. It is easy to see that the unique solution of (4) can

be written as

w(k) = ;¢_1(C+ IZ,)\MP(Z)),
kel0,T+1],

T

where C satisfiesw(T +1) =0. Then - ZAMp(k) <
=

C <0. Infact, if C =0, then we have 0 = w(T +1)

T+1 T

= ; ¢ ; AMp(l)) > 0, a contradiction. The

another side can be verified similarly. Since ¢( Aw(k
r

-1)) =C+ ZAMp(l),k e [1,T+1],, we have
i=t

that fork e [1,T+1],,

d(Aw(k -1)) < IZ;/\Mp(l) <

T
> AMp(l) < AMTp
=1

and
k-1

d(Aw(k —1)) >= Y AMp(l) =

=1
T
- Y AMp(l) =- AMTp
=1

Lemma 4> Let (A3) hold. The following ine-
qualities hold.

O (x+y) <d (%) +d7(y) +d ()

forx =z-u,y=0,u =0,
o (x—y) = b7 (1) - 267 ()
forx =0,y = 0.

Let g(u): = f(u) + Mforu = 0. Define g(u) =
g(u) ifu=0andg(u) = g(0) foru <0.

Lemma 5 Let (Al) hold. uis a positive solu-
tion of (1) if and only if u = u + wis a solution of the
following problem

Llu-w](k-1) +L[w](k-1) =
- Ap(k)g(u(k) —w(k)) ke [1,T],, (5)

w(0) =0 = u(T+1)
withu > won [1,T],.

It is easy to see that problem (5) is equivalent to

aw>=2¢%q—A;m0Aﬂn—

w(l)) - b(Aw(s —1)))+w<k>,
ke [0,T+1], (6)
where C. satisfies u(T + 1) = 0. Equivalently,
w(k) = 37 (C -2 ¥ pDeath) - () +

l=s+1
S(Au(s)) )+ w(k) ke [0,T+1], (T)
where C, satisfies u(0) = 0.
By Lemma 2, u(k) > 0,k e [1,T],. Let
lul = ulky) ko e [1,T],.

ing inequalities, which is crucial in our proceeding ar-

Then we have the follow-

guments ;
ko1

A;p(l)é@(l) -—w(l)) s G <

ko

A;mnAMU—wu» (8)

and

A Y p(Dglu(l) ~w(l)) <C, <

l=ko+1
r
AY p(Dg(u(l) —w(l)) (9)
=%
In fact, on the one hand, by

0<u(ky) —ulky-1) = ¢*‘(C; _

u
ko1

A;p(l)é(ﬁ(l) -—w(l)) -

& (Aw(ky - 1)))+ Aw(k, - 1)
ko1
we know that C, = A Zp(l)gf(ﬁ(l) —w(l)). On
=
the other hand, by Au(k,) < 0, we have C. <
ko

/\;p(l)é(ﬁ(l) —w(l)) . The inequality (9) can

be verified similarly.
LetK = {u e E:u(k) =20,k e [0,T+1],},
a cone in E . With the help of (6) and (7), define
F:K— Kby
Fu(k) =

s—1

%07 (C - A X p(Deu(t) ~u() -

K

d(Aw(s —1)))+w(k) =

Yo' - A X p(Deud) - w) +

s=k l=s+1

¢(Aw(s)))+ w(k)
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Here, C, and C, satisfy

Yo7 (e - A T phitu(h) -
w(l)) - (Auls -1))) =

and

Yo (€ -2 X p(Datu(h) - wh) +

s=0 l=s+1

b(Au(s)) ) =

respectively. Then F; K— K is continuous and problem
(5) has a positive solution if and only if ' has a fixed
point in Kfor A > 0.

2 Main Results

For any givenr > 0, set

A: o= min{¢(8(Tr+1)) ¢(2(Tr+1))}
MTp  ° h(r)Tp

(10)

20(12)
where h(t) = supg( ). Also, let Ay: = ————=—.
0ss<i fm¢( T+ 1)

If f* = o, then we say A, = 0.

Now, we state our main result.

Theorem I ITet (Al) - (A3) and (C2)
hold. Assume that A, < A, holds for some r > 0, then
problem (1) has at least one positive solution for A e
(Ag,A,) . Especially, if f = o,
problem (1) has one positive solution for A e (0,
AL

Proof We divide the proof into two steps.

then for eachr > 0

Step I: We shall apply Lemma 1 to show that for
Ao < A < A,, Fhas a fixed point u in K .

First, we show that all solutions u € K of u =
OF (u) (0 e (0,1)) satisfy ||u||# r.

Indeed, if there exists § € (0,1) such that a so-
lution u of u = OFu satisfies ||| = r, then by Lemma 3
and 4 with (8) and (10), we have that fork € [0,T
+11,,

u(k) = 0Fu(k) <
u T s-1
0L (T - 3 pDED —w(D) -
=1

s=1 =1

(Aw(s - 1)))+6)w(k) -

036" (VX p(Daut) —u(h) -
& (Aw(s - 1)))+ ow(k) <

k

Zl{w(ép(wig(uu) —w(D) )+

s =

& (= dp(Aw(s —1))) +¢-'<AMT,3>}+w(k> <

36" (X pDeCu()) ~w(D) )+

(T+1)p ™ (AMTp) <
(T+1)d " (ATph(r)) + (T + 1) (AMTp) <

ro,r
r.ro_,
2 2

Thus, we haver = |4|| < r, a contradiction.

Next, we show that there exist constants R > r, 8
> R such that all solutionsu € Kofu = Fu + 68,0 <
0 < 1, satisfy ||u|# R . Such u satisfies the following
boundary value problem

Llu-w](k-1) +L{w](k-1) =

{— Ap(k)g(u(k) —w(k)) ke [1,T],,

u(0) =668 =u(T+1)

(11)
Let |u] = u(ky) by € [1,T],, and ||u]|> r. We
distinguish two cases to show that there exists R > r
such that [|y|| < R .
T+1

Case one; k, = —— . Let v solve the following
problem

Llv-w](k-1) +L[w](k-1) =0,

{ ke[lako_lJZy

v(0) = 68,0(ky) = [ull

(12)
Then we have
Lluv-w](k-1) -Llv-w](k-1) =
{—/\p(k)é(u(k) —w(k)), ke [1,k -1],,
(u=2)(0) =0 = (u~-v)(k)
It follows by Lemma 2 that u(k) > v(k) ke [1,k, -
1], . Note that the solution v of (12) can be expressed

v(k) = Hull—lzk,lhb"[Cv —p(Aw(l-1))] +
Aw(l-1) |,k e [0,k], (13)

where C, satisfies v(0) = 8. Thus,

lull= 08+ 3 167 (C, = d(auw(i-1))] +
Aw(l - 1) (14)

We claim that0 < C, <<1)(2‘l|£u”) In fact, if C, <0,

0

thenu(0) =v(0) > |ul- Z ¢ (- (Aw(l -
1)) +Aw(l-1)} = Hu“-

It is a contradiction. If



70 HIlRA R AR (ASRBERR)

5 56 &5

c, > qb(zutu”), then, by (10) and Lemma 3, we
0

have that fork € [1,k,],,
r
c, > ¢(T+1)> ATMp = &(Aw(k - 1))

It follows by Lemma 3 and 4 that fork e [1,k,],,
d(C) = [C, - p(Aw(k-1)) +
d(Aw(k -1))] <
¢ (C, —p(Aw(k -1))) +
Aw(k =1) + ¢~ (AMTp)

Thus, by (10), we have that fork e [1,k,],,
¢ (C, - p(Aw(k -1))) + Aw(k - 1) =
- - - 2|u r u
7' (C) - (AMTp) > |]|CO “ - ||k0|
which yields from (14) that ||| > 68 + ||« , a contra-

diction.
Letk, = lrgko —‘ ( [ x ] denotes the minimum of

integers not less than x ). Since T' > 5, we know k, —
k, = 1. Then we have from (13), (10) and Lemma
4 that fork e [k, ,k,],,

¢(—Aw(l—1))]+Aw(l—1)}>

k

o = ul- % {67620

ko

lul- 3 [21e]

l=k+1

-Aw(l-1) +
& (AMTp) +Aw(l—1)]2

Mvw—m“” (T+ 1)~ (AMTp) =

fwrﬂ>imn
3 8 24

It follows that fork e [k, ,k,],,
u(k) —w(k) =v(k) —w(k) >

5 1
since for k e [0 T+1]/,

w(k) = ZAwu-l)

(T+1)¢p™ (AMTp) <§||u|\ (15)

Note that

Wk = X 67 (C - 3 pDau(h) ~uD)) -

b(Aw(s = 1))+ w(k) + 68

and (8) holds with u being replaced by u . Then we

have

lul= ulk) =

k=1 s—1

Zcb( (T - X Jphetu - ) -

1

d)(Aw(s—])))B

qu (A S p(De(u(D) - (D)) -

=H

b(Au(s 1))

%koqb’l( (ky = k)A p pl ﬁ ”i((’;))¢( [ ”) /\MT)

1 - g(x) (|ul

S (T+1)¢" (Ap inf AMT,

3 ¢ ( _pp 0 (x )d’( ) p)
Assume 0 < 7 < o . Takeg > 0 sufficiently small,
2¢(12)

=5

such that A > . For sufficiently

g(x)
izl |I¢( )
f° — &, and by the fact lim¢p(u) = o that \MTp <

%)\_pfac (1)(%) Thus, for sufficiently large |u||,

large |||/, we know by (A2) that inf _.

> $ 00 (g -oof )

It follows that for sufficiently large ||u|,

o glul) > 7Ap0 -2

[l (12) [l
¢(1)>¢‘("T+1)¢>(12)

By (2), we know
o(llul) = (5

Sl (72)

ol < ¢S5 lul)e(12)

Then, (16) implies ¢ ( |ul) > & (|lu]]) , a contradic-
tion. If f© = oo,

2¢(12) (0 < A < A,) such that for sufficiently
T+1
Aro(57)

large |[u ||

and

then we can choose N >

> o0 (el )
Thus we again have

b > el2) o Jull

(72 lall) > miEs (lul)

Therefore, there exists R, > r,

and B such that ||| < R, .

3
T+1

independent of u,0,
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r+1 . Let v be the solution of

Case two: k, <

Llv-w](k-1) +L[w](k-1) =0,
kelk +1,T],, (17)
(ko) = Jul,o(T+1) =68
Then we have by Lemma 2 that u(k) > v(k) ,k e [k,
+1,T],. Note that

k

o(k) = lul= X 17 [C + d(Aw(l-1))] -

I=ko+1

Aw(l-1)} ke [k, T+1], (18)
where C, satisfies v(T +1) = 8. Thus,
T+1
lul=68+ 3 {¢'[C +
I=ko+1

d(Aw(l -1)) ] - Aw(l - 1)1 (19)

Similar to the arguments in Case one,

check that 0 < C, < 4)(%)
1= h

it is easy to

T+1 +2k
Letk, = “%J ( Lx ] denotes the integer

part of x ). It is easy to see thatk, —ky, =1 by T > 5.
(10) and Lemma 4 that

Hence, we have from (18),

fork e [k, ky],,

k

o(k) = Jul- Y {¢l[¢(7%))+

[ Zky+1

qb(Aw(l—l))]—Aw(l—l)};

Hz[ IIuH
& (AMTp) -Aw(z-1)]>
2]l
T+1 -k,

+Aw(l 1) +
lul= (k= ko) - (T+1) " (AMTp) >

1 5
Dal= Ll = 2l
It follows by (15) that for k e [k,k,],,u(k) -

1
w(k) > 1lull-
Note that
w(k) = X ™(C, -2 3 p(Dau(h) ~w(D) +

S(Au(s)) )+ w(k) + 66k < [0,7 +1],
and (9) still holds with u being replaced by u . Then

we have that

lull= ulky) =

S0 X pDa(u(h — (D) +

s = ko I =ko+ 1

b(Aw(s)))=

qu (A3 p0eun) —w) +

s=ky I=ko+1

S(Au(s) )= (T+1 k)™ ((hy = k) -

Ap inf HE: )qb(u) )\MTIS)B

— =Ly b () T\ 12
—(T +1) -
g1 ol

Using similar arguments as before, there exists R, > r,
independent of u,6 and 8 such that ||| < R, .

In summary, by Lemma 1, forO < A < A,, F has
a fixed point u in Kwith ||| = r, which is a positive so-
lution of (5).

Step II. We shall prove thatu > won [1,T],

Let ||u| = u(ky) ko € [1,T],. We distinguish
two cases that (i) 1 <k < k; and (ii) k) < k < Tto
finish the proof.

(i) If1 <k <k,, we use the expression (6), i. e.,
k s—1

w(h) = 37 (- A T pDeulh) - (D)) -
= =

& (Aw(s —1)))+w(k),k e [0,T+1],

where C. satisfiesu(T +1) =0. By (8),
0 < & < 1 such that

there exists

= (1l -&)A lz,p(l)é(ﬁ(l) —w(l)) +
2 ;p(l)é(ﬁ(l) -—w(l)) =

k-1

/\;p(l)é(i(l) —w(l)) +

8)\p(k0)é(ﬁ(ko) —w(ky))
(20)
Fork € [0,k,],,

ko1

G(k) = 2¢ (A S p(Datu(l) -

w(l)) + expUh)g(athy) = w(k)))

It is easy to see that
ho-1

AG(k=1) = 6™ (VT p(Dau(l) —u(D) +

eAp(hy)g(uhy) = w(ky)))

That is to say that G is a

discrete concave function on [0,k ] .

G(k) ;ki(;(zfo),k c [0.k], (21

is nonincreasing on [ 1,k, ], .

Then we have
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From (20) and Lemma 4 we have that
<u(k,) =

Zcb (A 2p<1>g<u<1> —w(l) +
eAp(hy)g(uhy) = w(ky)) )~
B(Auts 1)) +uh) <

ko

> (A2p<z>g<u<z> ~w(D) +
eAp (k) (u(hy) = w(ky) )~

Aw(s —1) + ¢'1(AMT1})}+ w(ky) <

G(ky) + (T + 1) (ATMp)
It follows by (10) that

C(hy) >r—(T+1)d " (ATMp) = 7
(22)
d hence b Th
and hence by (21) that G(k) > 8(T 1) . There-

fore, from (20), Lemma 3 and the second inequality

of Lemma 4, we have

w(k) —w(k) =

Yo (e oA g pe
(@(D) =w(D) - $(Au(s 1)) ) =

Zcb (A 2p<1>g<u<1> —w(D) +

eAp(hy)g(ulky) = w(ky)) = $(Aw(s =1)) )=

oA 2p<1>g<u<1> —w(D) + ep(hy)

gulky) —w(ky)) - /\MT]B)B

G(k) - 2kd™ (AMTp) >
Tk . 2k .= S5k .
8(T+1) 8(T+1) 8(T +1)
ke [lako}z
(ii) The second case k, < k <
with. We use the expression (7), i. e.,

w(k) = 3o (e -2 Y (D) -

l=s+1

T can be similarly dealt

g(a(D) —w(D) + d(Aw(s)) |+ wlh),
ke 0,T+1],
where C. satisfies u(0) =0 . By (9), there exists 0 <
& < 1 such that

Co = a2 p(Dg(u(l) —w(l)) +

I=ko+1

3/\P<ko>é(ﬁ(ko) —w(ky)) (23)
Fork € [k,,T +1],, let

6k = X o7 (4 3, pDzD) - (D) +

eAp(hy)g(uhy) = w(ky)))

Then one can find that AG(k — 1) is nonincreasing on
[k, +1,T +1],, which implies that
G(k) = Glky) _ G(T +1) = Gky)
k -k, T+1 -k ’
ke lk,T+1],

That is to say
= T+1 -k
COR) =0y T,
Thus we have by (23) and Lemma 4 that
r<u(ky) < G(ky) +(T+1 k) (ATMp)
It follows by (10) that

Z;(ko)ak € [ko’T:Iz (24)

~ T+1 -k,
k) > 1= greT)”
which implies by (24) that G(k) > M k

8(T +1)

e [k,,T],. Therefore, by (23), Lemma 3 and the
second inequality of Lemma 4 that
w(k) —w(k) =

G(k) =2(T+1 -k)¢ ' (AMTp) >
S(T+1-k)
8(T +1)
In summary, we have in each case that u(k) — w(k)

>0on[1,T],.

r> O’k € [kO’T:IZ

The proof is complete.
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